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Abstract
The number of seeds per pod is an important determinant
of yield. New clues of yield and seed quality improvement
can be provided by studying the relation between the de-
velopmental patterns of floral organs and seed production.
In this article, a probabilistic model of plant inflorescence
fertility is presented. From a biological point of view, seed
development can be viewed as the combination of several
physiological processes that can be modeled with stochastic
laws. Experiments were made on oilseed rape in Grignon
(France) in 2008 to calibrate the model. A Generalized
Least Square method was implemented to estimate the model
parameters. The variations of parameters were analyzed ac-
cording to the position of flowers. Furthermore, we discussed
the causes that lead to the variation of seed production
within the inflorescence and related them to our model.
The model reproduces well the distribution of the number
of ovules per flower as well as the number of final seeds
per pod. We deduced a law to describe the distribution
of pollen grains on the stigma that is quite difficult to be
observed experimentally. This model is the first step towards
a dynamic model taking into account the complexity of
the oilseed rape architecture, which is aimed to quantify
the influence of pollination or trophic competition on seed
production.
1. Introduction
In most flowering plants, only a minority of the flowers
and ovules that are initiated form fruits and seeds [1],
[2]. In those plants whose flowers are grouped into inflo-
rescences, the size and number of reproductive structures
show marked variations among flowers within the inflores-
cence. Numerous studies have investigated the relationships
between reproductive effort and spatial position (proximal
or distal), and time of opening (early or late) within the
inflorescence [1], [3], [4]. During inflorescence development,
the probability of fruit set and number of seeds per flower
are often lower for distal/late-opening flowers than that for
proximal/early-opening flowers [5]. Abortion of flowers and
fruits occurs at various stages of development, and even in
mature fruits [6]. Moreover, a fruit with too few seeds may
abort [7], [8]. Various non-exclusive factors have been put
forward to explain low fruit set in plant species, such as
resource competition [1], [4], [6], non-uniform pollination
[9], [10] and architectural effects [3], [11], [12].
To assess the divers factors controlling the seed pro-
duction, the following four processes should be taken into
consideration: the conditions of pollination, the number
of ovules per ovary and its variability, the proportion of
viable ovules and the relationship between the probability
of pod abortion and the number of seeds per pod. All these
are random processes that vary with season and genotype.
Several models were performed to analyze the pollination
and fertilization of flowers. De Reffye [7] observed the
distribution of pollen grains on cacao trees and built a model
of productivity to be combined with the experimental data.
With a mathematical analysis of the data, it was shown
that Pareto law was the most appropriate to simulate the
distributions of number of pollen grains and Binomial dis-
tribution to compute the probability of an ovule developing
into a seed for the cacao tree. Meanwhile, the relationship
between the number of seeds per pod and the probability
of fruit set could be computed with sigmoid function.
Falque [13] studied the influences of the fertilization and
the pollination on the plant productivity and modelled the
relationship between pollination intensity and seed number
per pod. Pollination and fruit growth in kiwifruit orchards
were simulated by Lescourret [14]. The stochastic model
calculates the amount of pollen grains deposited on pistillate
flowers with Poisson law and the number of fertile ovules
with Binomial distribution.
Based on the models presented above, we proposed a
stochastic model of flower fertility and applied it to the study
of oilseed rape fertility. Nowadays, the importance of oilseed
rape production is growing and it has brought up research
issues on seed yield and its quality improvement that have a
great impact on oil, bio-fuel and lubricant production. Seed
quality and quantity are strongly influenced by pollination,
developmental patterns of floral organs and seed production
[15]. The pollination is achieved with the assistance of
various pollen vectors [16]. When oilseed rape comes into
flower, the pollen is spread over large distances by insects,
particularly the honey bees. Besides insects, wind plays
an important role in the dispersal of oilseed rape pollen.
Downey [17] found a high level of self-pollination in oilseed
rape, because it was self-fertile and did not necessarily
require cross-pollination to produce pods. However, several
researchers [18], [19] indicated that the presence of bee hives
significantly increased yields and quality in oilseed rape.
Regarding floral biology, oilseed rape is of great interest
due to its sequence of flowering. Flowering lasts about one
month inducing a big gap between the first emerged pods
and the last ones. They are therefore subject to contrasting
environmental conditions. The model we present here is only
the first step towards a model integrating this temporal scale.
Eventually we aim at estimating the impacts of time and
space on seed yield and quality.
We first presented the stochastic model of the distribution
of the number of seeds per pod by considering the processes
of flower fertility, which include ovule distribution, pollen
distribution, seed viability and pod abortion. After a statis-
tical analysis of the data, we estimated the parameters by
calibrating the model on experimental data. Furthermore, to
study the effects of spatial position and opening time of
flowers within the inflorescence, we analyzed the numbers
of ovules and seeds per pod according to the position of
flowers on the terminal raceme.
2. Materials and Methods
2.1. Description of the model
The different processes constituting flower fertility of
oilseed rape are schematically represented in Fig. 1. The
association of ovule and pollen is likely to create a seed but
in some conditions there may be an abortion of the seed due
to a fertility problem [6]. Therefore, reproductive success
depends on the following parameters or processes:
(1) The number of ovules in the ovary;
(2) The number of pollen grains landing on the stigmas;
(3) The viability of seeds: not all the fertilized ovules can
develop into mature seeds;
Figure 1. Schematic presentation of the events of
seed development. Seed production involves several
processes and floral components: pollen production by
the anther, deposition of pollen grains (a) on the stigma
(b), pollen germination and growth of the pollen tube (c),
fertilization (d) and development of embryo and seed
(e).
(4) The abortion of pods: pods with too few seeds may
fall down.
These processes are modelled with probability laws.
Firstly, the number of ovules in the ovary is supposed to
be a random variable Y . Generally speaking, the normal
distribution can be used to describe any variable that tends
to cluster around the mean. It is a continuous probability
distribution, here we have a discrete variable, thus we choose
to describe the distribution of the number of ovules as a
binomial law that has been proved to be appropriate with
parameters N and b, where N is the maximum number
of ovules and b is the viable probability of an ovule. The
probability that an ovary contains y viable ovules is given
by the following relationship:
P (Y = y) = CyNb
y(1− b)N−y (1)
Secondly, the number of pollen grains that arrive into a
flower is described by the random variable X . Oilseed rape
combines self- and cross- fertilization. Depending on variety
and weather, oilseed rape is partially allogamous, exhibiting
about 30% outcrossing [20]. Outcrossing is mediated by
both wind and insects and depends on the distance to the
pollen source, wind direction and size of the field. Several
probability laws (e.g. Pareto law, negative binomial law and
lognormal law) have been compared and we choose here to
present the lognormal law that best fits the data to compute
the number of pollen grains. The lognormal distribution is
defined by the probability density:
f(x) =
e
− (ln(x)−m)
2
2s2
xs
√
2pi
(2)
where m, s are the parameters of the distribution. It is a
continuous probability distribution function, whose discrete
form is used in our model. According to the continuity cor-
rection [21], we discretize it with the following relationship:
P (X = x) = f(x+ 0.5)− f(x− 0.5) (3)
Z denotes the number of fertilized ovules. An assumption
is made that for the fertilization of each ovule, one pollen
grain is necessary and sufficient. Hence Z = min(X,Y )
and the probability to get y fertilized ovules is:
P (Z = y) = P (X = y)P (Y > y) (4)
+ P (Y = y)P (X ≥ y)
Then, the fertilized ovules may develop into mature seeds
with probability p because of seed viability. If S is the
number of seeds, the probability to get i seeds is:
P (S = i) =
N∑
y=0
Ciyp
i(1− p)y−iP (Y = y)P (X ≥ y) (5)
+
N∑
y=0
y−1∑
k=i
Cikp
i(1− p)k−iP (X = k)P (Y = y)
The demonstration of equation 5 is given in appendix A.
Lastly, if a pod contains too few seeds, then it may abort
(and fall down). In a study of the frequency distribution
of seed number in pods of Leucaena leucocephala (Lam),
Ganeshaiah et al. [8] found that the formation of pods was
related to the number of seeds in it. We compute the abortion
probability of pods with a function F that depends on the
number of seeds per pod: a pod with a small number of seeds
has a higher probability to abort. B is the random variable
of the final number of seeds per pod. The probability to get
i seeds per pod at this final stage is given by the following
equation:
P (B = i) = P (S = i)F (i) (6)
For the function F , we choose a beta law with parameters
α, β. This type of function is commonly used in biological
models because of its flexibility, see [22] for an example.
We recall that N denotes the maximum number of ovules.
F (i) =
i∑
j=1
g(j)
N∑
l=1
g(l)
(7)
g(j) = (j − 0.5)α−1 (N − j + 0.5)β−1
By combining these laws, we can compute the final number
of seeds per pod. The model has been developed in Scilab
(INRIA-ENPC).
2.2. Design of the experiment
2.2.1. Plant and location. Oilseed rape (Brassica napus
L.) is a bright yellow flowering member of the family
Brassicaceae (mustard or cabbage family), which possesses
a Brassica-typical crucifer cross-form petal arrangement,
alternating with four sepals. The inflorescence is racemose,
with indeterminate flowering beginning at the lowest bud on
the main raceme and continuing upward during the following
days. The flowers have one pair of lateral stamens with short
filaments and four median stamens with longer filaments.
Oilseed rape (cultivar ‘Mendel’) was grown in Grignon
(Yvelines, France, 48.9 ◦N, 1.9 ◦E) at the National Institute
for Agricultural Research (INRA) in 2007− 2008.
2.2.2. Experimental design. The flowering period of
oilseed rape started in mid-April 2008 and lasted about
one month. Measurements began in mid-May when all the
flowers had developed into pods to make sure that we could
analyze the final number of seeds in all the pods of the
terminal raceme. To study the effects of position and opening
time of flower on the amounts of ovules and seeds per pod on
the main stem, 45 plants corresponding to 2050 pods, were
sampled and all the pods on the main stem were measured
from base to apex. Mature aborted seeds in each pod were
counted and the positions of pods in each inflorescence were
recorded. The number of ovules was the sum of mature and
aborted seeds. At this stage, although the aborted seeds were
visible in the pod, this measurement method might induce
errors for small pods.
Analysis of variance (ANOVA) was applied to analyze
the effects of flower position on the numbers of ovules and
seeds and the effect of the number of ovules on that of seeds
with the statistics software R.
2.3. Parameter estimation
The model parameters were estimated according to the
experimental data. Table 1 summarizes the parameters of
the model. Firstly, the parameters N and b were computed
for the binomial distribution for the number of ovules. After
that, the values of N and b were set to the estimated
values and the parameters for the intensity of pollination,
the viability of seeds and the abortion of pod were estimated
simultaneously with the Generalized Least Square Method
(GLSQR) [23].
Table 1. Model parameters
Processes Distribution Parameters
Ovules Binomial distribution N, b
Pollen grains Lognormal distribution m, s
Seed viability Bernoulli process p
Pod abortion Beta law α, β
3. Results
3.1. Numbers of ovules, seeds and aborted pods
3.1.1. Numbers of ovules and seeds. Fig. 2 shows the
average numbers of ovules and seeds with the standard
deviation according to the rank. The average numbers of
ovules and seeds per pod on the terminal raceme remains
stable while that of seeds begins to decrease after the thirtieth
rank.
ANOVA demonstrates that the flower position had no
Figure 2. The average number of ovules and seeds
per pod with standard deviation for each rank. Filled
circles and triangles respectively represent the average
numbers of ovules and seeds.
Table 2. Analysis of variance for the effects of the
number of ovules and positions on the number of
seeds per pod.
Df SumSq MeanSq F value P (> F )
Position 69 8264 120 1.768 0.0002***
Ovule 21 1789 85 1.257 0.196
Residuals 752 50945 68
Significant codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘’
significant influence on the number of ovules per pod
(P > 0.1), but it has great impact on the number of seeds
per pod (P < 0.001). Besides, the number of ovules has
no significant influence on that of seeds per pod (P > 0.1)
(Table 2).
3.1.2. Number of aborted pods. The number of aborted
pods on the terminal raceme remains stable until the fortieth
rank. Upwards, it increases linearly with raceme rank (Fig.
3). It seems that the increase in the abortion of pods starts
at the same time as the decrease in the number of seeds
per pod. Therefore, we chose to restrict our data set for the
following of the study and mainly the model calibration: we
focused on the distribution of the seeds of pods with rank
lower than forty.
Figure 3. Number of aborted pods for each rank.
3.2. Model calibration
We estimated the parameters of the binomial distribution
giving the number of ovules per flower according to the
experimental data. As shown in Fig. 4, the distribution of
ovules is well adjusted, the Pearson product-moment corre-
lation coefficient between observed and computed number
of ovules is r = 0.95. The average number of ovules in
a flower is 31.5, with a standard deviation of 10.96. It is a
coefficient of variation of 0.34, which corresponds to a fairly
wide dispersion around the mean value. The variability of the
number of ovules in a flower can be due to earlier abortion
or the initial conditions at the flower appearance.
We set the parameters of ovule distribution to the values
N = 54, b = 0.59, and fit the number of seeds per pod.
Table 3 gives the values of parameters. Fig. 4 shows the
Table 3. Estimated parameters of the fertility model.
Process Ovule number Pollen number Seed viability Pod abortion
N b m s p α β
Values 54 0.59 3.7 1.42 0.80 4.0 15.0
distribution of the number of ovules and seeds. The Pearson
product-moment correlation coefficient between observed
and computed number of seeds is r = 0.975. Fig. 4
shows the shift of distributions between ovules and seeds
corresponding to the flower fertility. As described in section
2.1, mathematically the shift results from two factors: the
viability of ovules and pollination. Firstly, the probability
of a fertilized ovule developing into a seed is less than 1.
The curve of ovules is transformed into the curve of seeds.
Secondly, we took the smaller value of ovules and pollen
grains into account to compute the number of fertilized
ovules. The shift of the curve of seed number distribution
was due to the lack of pollen, especially the left side.
The number of aborted pods is not fitted by the model,
but we had a very good match between the observed values
and the computed ones (Fig. 4a). It means that our model can
explain all the pod abortion, without introducing a specific
law to take into account the trophic competition.
(a)
(b)
Figure 4. (a). Distributions of ovules and seeds with the
data corresponding to pod abortion. (b). Distributions
of ovules and seeds with data of aborted pods not
included. Mean = 23.9, STD = 7.789. Dashed line and
open circles represent respectively the computed and
observed ovules distributions; Solid line and filled cir-
cles represent respectively the computed and observed
seed distributions.
Figure 5. Simulated distribution of pollen grains.
We did not count the number of pollen grains because
of the difficulty in measuring. Here we gave the theoretical
probability of pollen grain that arrive into a flower, as shown
in Fig.5.
3.3. Variation of under-pollination index according
to the pod rank on the terminal raceme
Index of under-pollination is defined as the probability
for a flower to receive less pollen grains than the number
of ovules it contains (see appendix B). With the estimated
parameters, we got a value of 0.44 for under-pollination,
which is surprisingly quite high. We plan to pollinate plants
by hand to compare natural and manual pollination.
The variation of under-pollination index in the model
according to the pod rank is shown in Fig. 6.
The parameters of distribution for pollen grains (m, s) are
Figure 6. The variation of under-pollination index ac-
cording to the pod rank.
estimated according to the pod rank. The under-pollination
index is computed with the equation of appendix B. As
shown in Fig. 6, it is a little bit large at the beginning,
then relatively stable until rank thirtieth, but increases at
the end of flowering period. From the result, it can be
deduced that pollination is variable according to the rank
(STD = 0.108). To verify if the variation of the index is
resulted from the sample size, a Monte Carlo simulation
with the same conditions as the experiment has been done
to reconstruct Fig. 6. The result indicates that the variability
could be due to the climatic conditions but not to the sample
size.
4. Discussion
A stochastic model of flower fertility of oilseed rape
was proposed in this article. It computed the number of
seeds per pod by combining several stochastic processes.
The parameters were estimated from experimental data with
a Generalized Least Square method and their variations
according to the positions of the flowers on the terminal
raceme were calculated. It allowed us to analyze the factors
that lead to the abortion of pods and seeds.
The average number of ovules per pod remains stable
while that of seeds decreases from the base to the top
of the stem. Flowers from the apical region contain fewer
seeds than the flowers from the basal region. This result is
consistent with our hypothesis that time has an influence
on seed production, as the lowest flowers appear earlier
the highest ones. The maturity and/or the receptivity of
the ovules at time of flower opening may be important for
determining ovule fertility, and therefore, seed set ([24]).
The conditions experienced by the flower buds when the
ovules were fertilized at flower opening are of crucial
importance to determine seed number per pod [25].
Pod abortion remains stable until fortieth rank and
increased afterwards. The phenomenon is consistent with
the study of [26], in which a few flowers fail to form pods
at the beginning of flowering in the middle of April, but the
ratio of pod to opened flower soon reaches and remains at
1:1 until early May and decrease progressively to less than
0.3:1 at the end of flowering. The results suggest that the
greater rate of abortions for pods and seeds in late-formed
flowers are not the result of a small number of ovules per
pod.
Moreover, the shift of distribution between ovules and
seeds (Fig. 4) might be resulted from either by insufficient
pollination or smaller viability of ovule.
Accordingly, reproductive failure may be caused by non-
uniform pollination, reduction of ovule fertility in the most
distal location, depletion of resource (assimilate) by early
developed seeds, or architectural effects.
Ovule fertility. Ovule fertility is described as the percentage
of ovules with complete embryo sacs at flower opening
[25]. Generally speaking, thirty percent of the ovules are
sterile due to the absence of an embryo sac [25]. Within
the terminal raceme, decreased ovule fertility due to the
sterility of ovules is one of the causes for the lower number
of seeds per pod in the apical region compared to the basal
region. If the proportion of ovules with embryo sac decreases
according to the rank, pollination will be incomplete even
if the amount of pollen grains is large, because not all the
ovules of a pod will be fertilized. Thus, ovule fertility is
responsible for the lower number of seeds of late flowers.
Non-uniform pollination. For a successful fertilization of
all the ovules in a pod, several factors are essential. Firstly,
sufficient amounts of pollen are needed (equal or superior to
the ovule number) to be deposited on the stigma; secondly,
the pollen grains have to germinate and a pollen tube to
grow out (Fig. 1). Thus the failure of seed production
may be caused by either reduced pollen production or poor
pollen quality [9]. The decrease in pollen production can
be the consequence of decreasing number of flowers or/and
inefficient pollinators. Indeed, most flowers develop into
pods at the end of the flowering period and the terminal
raceme gradually stops growing, which lead to a lower
number of flowers in the field, and hence a reduced amount
of pollen grains for late flowers. Moreover, dispersal of
pollen depends on the insects, and a lower number of flowers
thus attract fewer insects. Furthermore, the quantity of pollen
in the air is influenced strongly by weather conditions, such
as wind, temperature and precipitation [10]. In our model,
the index of under-pollination varies according to the flower
location which could be the effect of lack of pollen.
Resource competition vs. architectural effects. Another
possible cause of abortion of late flowers is the depletion of
resources by early developed pods within the inflorescence.
As speculated by the resource competition hypothesis [1],
[4], [6], there is competition among the ovaries of an
inflorescence for a limited amount of resources. Flowers
located near the base of the inflorescence open and get
pollinated first, thus, their fruits would have more chances
to survive and acquire more available resources to sustain
their growth. Furthermore, the organs (leaves and pods)
loss progressively their photosynthetic capacity, there is
thus insufficient assimilate to fill the pods at the end.
Mutual shade and utilization of assimilates by large pods
containing rapidly growing seeds could also be the causes
for decreasing resources. In the study of Medrano et al.
[3] in Pancratium maritimum, removal of flowers from
inflorescences improved the fruit and seed set of the
remaining flowers by comparison with flowers in the same
position on control inflorescence. This suggested that the
flowers in an inflorescence compete for resources. However,
the removal of early flowers does not significantly increase
the fruit set of late flowers, which could be attributable to
architectural effect [3], [11]. The ability of reproduction
for flowers locating at different positions (main stem vs.
ramifications or proximal vs. distal) may be different.
Architectural effects could result from the lower maximum
fruit set of main stem than that of ramifications or of
late-opening flowers than that of early-opening ones.
Therefore, more detailed experiments need to be done for
analyzing its effect for oilseed rape.
The characteristics of ovule number, seed number and
pod abortion are points to understand the fertility of oilseed
rape, we intend to integrate the spatial (position on the main
stem and ramifications) and temporal scales in the model.
As a consequence, experiments are currently conducted to
parameterize this more complex model. Experiments will
be designed in terms of the causes mentioned above, and
are foreseen to get a better understanding of the effects of
time and position in the plant on seed production. These
experimental data will be integrated into the dynamic model.
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Appendix A.
Formula for computing the probability of seed
number
X,Y and Z, respectively, denote the numbers of pollen
grains, ovules and fertilized ovules. We assume in the model
that Z = min(X,Y ). Hence, we recall the equation [4]:
P (Z=k)=P (X=k)P (Y >k)+P (Y=k)P (X≥k)
We use the theory of total probability to write the probability
to get k fertilized ovules:
P (Z=k)=
∑N
y=0
P (Z=k/Y=y)P (Y=y)
P (Z=k)=
∑N
y=0
P (min(X,Y )=k|Y=y)P (Y=y)
P (min(X,Y )=k/Y=y)=
 0 k > yP (X=k) k < y
P (X≥k) k = y
(8)
Hence we have:
P (Z=k)=P (Y=k)P (X≥k)+
∑N
y=k+1
P (X=k)P (Y=y)
Lastlty, we assume that the number S of fertile ovules
depends on Z with a Bernoulli process of parameter p, which
means that:
P (S=i/Z=k)=Cikp
i(1−p)k−i
Likewise, we use the theory of total probability to compute
the law of the random variable S:
P (S=i) =
∑N
k=i
P (S=i/Z=k)P (Z=k)
=
∑N
k=i
Cikp
i(1−p)k−iP (Z=k)
=
∑N
k=i
Cikp
i(1−p)k−iP (Y=k)P (X≥k)
+
∑N
k=i
Cikp
i(1−p)k−i
∑N
y=k+1
P (X=k)P (Y=y)
=
∑N
y=0
Ciyp
i(1−p)y−iP (Y=y)P (X≥y)
+
∑N
y=0
∑y−1
k=i
Cikp
i(1−p)k−iP (X=k)P (Y=y)
Appendix B.
Index of under-pollination
We define the index of under pollination as the probability
for a flower to get less pollen grains than that of ovules:
P (X < Y ). X and Y respectively denote the number of
pollen grains and ovules per flower. We can determine the
index of under-pollination:
P (X<Y ) =
∑N
y=0
P (X<Y=y)P (Y=y)
=
∑N
y=0
∑y
x=0
P (X=x)P (Y=y)
=
∑N
y=0
∑y
x=0
P (X=x)Cy
N
by(1−b)N−y
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